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Abstract 

We consider the semiclassical limit of nonrelativistic quantum many-boson systems with delta po- 
tential in one dimensional space. We prove that time evolved coherent states behave semiclassically as 
squeezed states by a Bogoliubov time-dependent affine transformation. This allows us to obtain prop- 
erties analogous to those proved by Hepp and Ginibre-Velo (|Hep|, | GiVel , GiVe2 |) and also to show 
propagation of chaos for Schrodinger dynamics in the mean field limit. Thus, we provide a derivation of 
the cubic NLS equation in one dimension. 

2000 Mathematics subject classification: 81S30, 81S05, 81T10, 35Q55 

1 Introduction 

The justification of the chaos conservation hypothesis in quantum many -body theory is the main concern of 
the present paper. This well-know hypothesis finds its roots in statistical physics of classical many-particle 
systems as a quantum counterpart. See, for instance IMSl . IIGol and references therein. 

Non-relativistic quantum systems of N bosons moving in t/-dimensional space are commonly described 
by the Schrodinger Hamiltonian 

N 

n^:=Y,-A,, + Y^Vj^ixi~xj), xeR\ (1) 

(=1 i<j 

acting on the space of symmetric square-integrable functions L^{W^^) over W^^. Here Vn stands for an 
even real pair-interaction potential. The Hamiltonian ([T]), under appropriate conditions on Vn, defines a 
self-adjoint operator and hence the Schrodinger equation 

/c>,% = Hn%, (2) 

admits a unique solution for any initial data e L?(R'^^). The interacting N-boson dynamics ^ are 
considered in the mean field scaling, namely, when N is large and the pair-potential is given by 

with V independent of N. The chaos conservation hypothesis for the N-boson system Q amounts to the 
study of the asymptotics of the ^-particle coiTelation functions given by 

T^jy(xi,--- ,xi,;yi,--- ,yi,) = / T^(xi,--- ,Xk,Zk+i,--- ,zn;}'i,--- ,yk,Zk+i,ZN)dZk+i---dzN, (3) 
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where "fj^ — ^''^(xi^ - ■ ■ ,XN)^jy|(3'i, • • • jJn)- More precisely, this hypothesis holds if for an initial datum 
which factorizes as 



'V^ = ^q{xi)---^{x^) such that \\(Pq\\[2 
the ^-particle correlation functions converges in the trace norm 

N- 



1. 



ik.n ^ ^'(-'^i) ■ ■ ■ 9t{xk) %{y\)- ■ ■ (ptiyt), 
where (jd, solves the nonlinear Hartree equation 

idt(p = -A(p + V* \(p\^(p 
(P\t=o = (Po ■ 



(4) 



(5) 



The convergence of correlation functions (|4|i for the Schrodinger dynamics (|2]) is equivalent to the statement 
below : 



lim ('P^^,^n'Pn) 



lim 



(6) 



where are observables given by l*'^"'^) acting on l2(m^/N) ^jjjj ^ . i2{^^dk^ i2{^^dk-^ ^ 

bounded operator with kernel and A: is a fixed integer The relevance of those observables is justified by 
the fact that are essentially canonical quantizations of classical quantities. 

In the recent years, mainly motivated by the study of Bose-Einstein condensates, there is a renewed 
and growing interest in the analysis of many-body quantum dynamics in the mean field limit (for instance 
see llA BGTI . MBEGMYLllBGMll . llESYl . llEYl . llFGSl .lTKPl.fFg^ etc.). For a general presentation on the 
subject we refer the reader to the reviews |Spo| and [Gol|. Various strategies were developed in order to 
prove the chaos conservation hypothesis or even stronger statements. One of the oldest approaches is the 
so-called BBGKY hierarchy (named after Bogoliubov, Born, Green, Kirkwood, and Yvon) which consists 
in considering the Heisenberg equation. 



(7) 



together with the finite chain of equations arising from Q by taking partial traces on < < N variables. 
Since p, are trace class operators one can write the corresponding hierarchy of equations on the ^-particle 
correlation functions }^ p^: 



N ^ 

^hA,,+A,,]/,_N + ^ L [y{xi-Xj)-V{yi-y,)U^^ 

1=1 \<i<i<k 

/ ™ ,A'^{xi-Xj)-V{yi-yj)]y^dxk+i---dxfi 
^ E f ,^ ,,AVixi-Xj)-Viyi-yj)]'}iidxk+i---dxj^ 



I<l<*:,*:+1<,/<N' 



*:+l<i<;<N 

^oC'^i) ■ • • (po{xk)(poiyi)- ■ ■ (poiyk 



An alternative approach to the chaos conservation hypothesis uses the second quantization framework 
(details on this notions are recalled in Section|2]i. Consider the Hamiltonian, 



V (x — y)a* {x)a* (y)a{x)a{y) dxdy , 



e 'Hi; = / Vfl*(x)Vfl(x) dx+- 



where a,a* are the usual creation-annihilation operator-valued distributions in the Fock space overL^(M'^'). 
Recall that a and a* satisfy the canonical commutation relations 



[a{x),a*{y)] ^5{x-y), [a* {x),a* (y)] = 0= [a{x),a{y)]. 
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A simple computation leads to the following identity 

Thus, the statement on the chaos propagation stated in ^ may be written (up to an unessential factor) as 
where b^"^^ denotes £-dependent Wick observables defined by 

r k k 

jjWwk^^k I Y\a*{xi) d'{xi,--- ,xt;yi,--- ,yk) Y\a{yj)dxi---dxkdyi---dyk, 



with &{x\ , • • • TXk;y\ , • • • ^yt) the distribution kernel of a bounded operator on L^(R*^''). Therefore, the 
mean field limit N oo for Hpj can be converted to a semiclassical limit e — > for H£. The study of the 
semiclassical limit of the many-boson systems traces back to the work of Hepp |Hep| and was subsequently 
improved by Ginibre and Velo IIGiVelllGiVe2ll . The latter analysis are based on coherent states, i.e.. 



n=Q 

which have infinite number of particles in contrast to the Hermite states = (pQ^. However, a simple 
argument in the work of Rodnianski and Schlein IRoSchl shows that the semiclassical analysis is enough 
to justify the chaos conservation hypothesis and even provides convergence estimates on the fc-particle 
correlation functions. The authors of BRoSchl considered the problem under the assumption of (— A + 1)^/^- 
bounded potential (i.e., V (— A+ 1)^'/^ is bounded). The main purpose of the present paper is to extend the 
latter result to more singular potentials using the ideas of Ginibre and Velo IIGiVe2l . 

For the sake of clarity, we restrict ourselves in this paper to the particular example of point interaction 
potential in one dimension, i.e., 

V{x) = 8{x), xeR. (8) 

This example is typical for potentials which are —A-form bounded (i.e., (— A+ l)^'/^y(— A+ 1)^'/^ is 
bounded). Indeed, we believe that such simple example sums up the principal difficulties on the problem. 
Moreover, we state in Appendix |C] some abstract results on the non-autonomous Schrodinger equation 
which have their own interest and allow to consider a more general setting. We also remark that the results 
here can be easily extended to the case V{x) — —5{x) at the price to work locally in time. 

The paper is organized as follows. We first recall the basic definitions for the Fock space framework 
in Section ID Then we accurately introduce the quantum dynamics of the considered many -boson system 
and its classical counterpart, namely the cubic NLS equation. The study of the semiclassical limit through 
Hepp's method is carried out in Section |6] where we use results on the time-dependent quadratic approx- 
imation derived in Section |5] Finally, in Section [T] we apply the argument of IRoSchl to prove the chaos 
propagation result. 



2 Preliminaries 

Let io be a Hilbert space. We denote by ^{Sj) the space of all linear bounded operators on Sj. For a linear 
unbounded operator L acting on i^, we denote by ^(L) ( respectively £2{L)) the operator domain (respec- 
tively form domain) of L. Let D^j denotes the differential operator —idxj on (M") where (xi , • • • ,.x„) e M". 

In the following we recall the second quantization framework. We denote by L^iW"') the space of 
symmetric square integrable functions, i.e., 

^>neL]{«"') iff ^„eL2(ig«rf) ^>„{xu--- ,x„)=^>„{xa„...,xa„) a.e., 
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for any permutation a on the symmetric group Sym(n). The orthogonal projection from ^^{W^) onto the 
closed subspace L^(M"'') is given by 



(7€Sym(n) 

We wiU often use the notation 

J?^,(R"'') := &„y{W^) 

where S^iW'^) is the Schwartz space on W"^. The symmetric Fock space over L^(]R) is defined as the 
Hilbert space, 

n=0 

endowed with the inner product 

= y / ^ln{xi,--- ,Xn)^n{x\-,--- ■,X„)dXi---dx„, 

where = ('Pn)„6N and ^ = (^n)n€N are two arbitrary vectors in A convenient subspace of ^ is given 
as the algebraic direct sum 

alg 
n=0 

Most essential linear operators on ^ are detemnined by their action on the family of vectors 



which spans the space (W) thanks to the polarization identity, 

n Y n n 

&nY{9i{xi) = :r— £ £1 •••£« n( L ■ 

i=\ ^ e,=±l 1=1 i=\ 

For example, the creation and annihilation operators a*{f) and a(/), parameterized by e > 0, are defined 
by 

fl*(/)(p«" = ^^(^H^ 6„+i(/®<p®«), V<p,/eL2(M^). 
They can also by written as 

«(/) = \/e / , W)a{x) dx, a*{f) = V^f f{x) a* (x) dx, 

where a*{x),a{x) are the canonical creation-annihilation operator- valued distributions. Recall that for any 
»p=(»p("))„gpjg^, we have 

[fl(x)^](")(xi , • • • = v/(;^^(«+lHx,xi, • • • ,x„), 

[a* (x)*?] («) (xi , . . . ,x„) = ^ £ 5(x - X,)'P(«-1) (xi , • • • ,x,v • ,x„) , 

where 5 is the Dirac distribution at the origin and xj means that the variable xj is omitted. The Weyl 
operators are given for / e L?{W') by 



and they satisfy the Weyl commutation relations, 

W(/i)W(/2) = e-Tto(/i./2> +/2), (9) 

with/i,/2ei2(lR'')- 

Let us briefly recall the Wick-quantization procedure of polynomial symbols. 

Definition 2.1 We say that a function b ; S^iW^) —tCisa continuous {p ,q)-homogenous polynomial on 
.y{W') iff it satisfies: 

(i) b[Xz)^l'^XPb(z)foranyXc£andzCzy{W'), 

(ii) there exists a (unique) continuous hermitianform : y'si^'^^) x o5^j(M'''') C such that 

b{z)=Q{z'^'^,z'^'')- 
We denote by S the vector space spanned by all those polynomials. 

The Schwartz kernel theorem ensures for any continuous (/?,^) -homogenous polynomial b, the existence 
of a kernel ^(., .) e {W.^^P^'i^) such that 

b{k\,---,k'-ku---.k,,)z{k',)---z{k'^)z{h)---z{k,,) dk'dk , 

in the distribution sense. The set of (/?,^) -homogenous polynomials b G S" such that the kernel b defines a 
bounded operator from L^(M'''') into L'^{W^'') will be denoted by ^p^(L^(M'')). Those classes of polyno- 
mial symbols are studied and used in |iAmNil.iAmNi2J . 

Definition 2.2 The Wick quantization is the map which associate to each continuous [p ,q)-homogenous 
polynomial b & S", a quadratic form b'^^'^^ on 5^ given by 



'P,/7^''*4>) = e^^ / b{k!,k) (a(k!.)---a(k!y^,a{k{)---a{kp)^) ^ dkdk! 

j'+i y^nl{n — p + q)\ 



^ Ve^ v-v" F-^Hj- / dkdk'b{k',k)^'("){k,x)^^'^-''+'>\k',x), 

[n — p)\ jRdin-p) JKrf(p+g) 

forany<t>,^' G S^. 
We have, for example, 

«*(/) = fc/)""'" and aif) = {f,zr'''. 

Furthermore, for any self-adjoint operator A on L^(R'^) such that y{M.'') is a core for A, the Wick quanti- 
zation 

dr(A) := (z,Az)"''''\ 

defines a self-adjoint operator on J^. In particular, if A is the identity we get the e-dependent number 
operator 

TLj / \ Wick 

N:={z,z) 

We recall the standard number estimate (see, e.g., lAmNill Lemma 2.5]), 

{^,b^'''^)\ < WN^^'n X \\N"/'-n, (10) 

which holds uniformly in e e (0, 1] for b e ^p,^{L^{R'')) and any ^(^]^max(p,q)/2y 
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3 Many-boson system 

In nonrelativistic many-body theory, boson systems are described by the second quantized Hamiltonian in 
the symmetric Fock space ^ formally given by 



e / a* (x)tsa(x)dx^ — 



a* {x)a* (y) 5 (x — y)a{x)a (y) dxdy . 



(11) 



The rigorous meaning of formula ( fTTT i is as a quadratic form on J/', which we denote by h^"^'', obtained by 
Wick quantization of the classical energy functional 

h{z)^ f \Vzix)\^dx + P{z), where P{z) ^\ j \z{x)\Ux, z^y{W). (12) 
More explicitly, we have for e 

JR''" 



n=\ 
n=2 



Moreover, in one dimensional space (i.e., d=\) one can show the existence of a unique self-adjoint operator 
bounded from below, which we denote by H^, such that 

= /j^'"*^) , for any ^ e J?^. 



This is proved in Proposition 13. 3 1 

In all the sequel we restrict our analysis to space dimension d — I and consider the small parameter e 
such that e e (0, 1]. The e-independent self-adjoint operator, 



n=l 



„MiI/(«) + £_A,-^.iI/(«) 



' dr(-A) + e^^A'^ + 1 ) ^ , 



1 II 

with /X > 0, defines the Hilbert space given as the Hnear space ^{SfJ ) equipped with the inner product 

We denote by the completion of '''^) with respect to the norm associated to the following inner 
product 



Therefore, we have the Hilbert rigging 



Note that the form domain of the e-dependent self-adjoint operator dr(— A) + A^'' with jj. > is 

^{dr{-A)+N'') = .^'^ forany £ e (0,1]. 

Lemma 3.1 For any ^, 4> g 

m^^pwick^^ <l\\[d^{-A)+N^]^/^^'\\ X ||[dr(-A)+A?Y''^^ll- 



Proof. A simple computation yields for any ^,cS> G 

2n{n-\) 



M''){x2,X2,Xi,- ■ ■ ,Xn) 4>("^(X2,X2,X3,- • • ,x„)dx2 - ■ ■ dx„ . 
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Cauchy-Schwarz inequality yields 



< 



«=2 



|^''"-'(X2,X2,X3,- • • ,Xn)\^dX2 - ■ -dXn 



|4>*"^(X2,X2,X3,- • • ,Xn)\^dX2 ---dXn 



1/2 



1/2 



Using Lemma lATl we get for any a{n) > 



< 



" ^2 «(»- 1) 



a(n)(D2 vpW,^*")) + (>!/(") ^vi/(« 



2v2 V 2 



."=2 
1 



1/2 



1/2 



Hence, by choosing ain) = — -, it follows that 

^ ' \/2£(h— 1) 
1 



< 



n=2 



n=2 



1/2 



/i=2 n=2 



< l^(i',[dr(-A)+/v3]xj/) X y'(<i>,[dr(-A)+/v3]4,) 



This leads to the claimed estimate. 

Remark 3.2 Note that, as in Lemma 1377] f/ie estimate 



/VJ/ pWk*^^ 



/ioZc/s true for any ^,<I> € flnc/ e G (0, 1]. 



(13) 



We can show that h^"^'^ is associated to a self-adjoint operator by considering its restriction to each 
sector l2(M"), however we will prefer the following point of view. 

Proposition 3.3 There exists a unique self-adjoint operator Hg such that 

(xii^hWick^^ = (^,//£<I>) for any ^' G ,^^,0 £ ^{He) n ^| . 
Moreover, e^"/^^E preserves 



Proof. We first use the KLMN theorem ( ORSI Theorem X17]) and Lemma [3T| to show that the quadratic 
form h^'^'^ + A^^ + 1 is associated to a unique (positive) self-adjoint operator L with 



^(L) = ^(dr(-A) +N') = ^ 



Observe that we also have 



||[dr(-A)+A?Y/2^|| < IlL^/^^ll forany^e (14) 

Next, by the Nelson commutator theorem (Theorem IB.2l i we can prove that the quadratic form /j*^"^* is 
uniquely associated to a self-adjoint operator denoted by with ^(L) C !i^{Hg) n and deduce the 
invariance of Indeed, we easily check using Lemma [TT] and (fT4] l that 



< ^ ||i'/^4>|| forany^,4>e 



^3 



(15) 
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Furthermore, we have for ^,<i> £ and X > 

(L(AL+ l)"''P,/i"''''^(AL+ 1)-'*) - ((AL+ l)-^^>,h^''''L{XL+ l)-^4>) =0. (16) 
The statements (fT5])-(fT6l) with the help of Lemma |B31 allow to use Theorem |B.2| ■ 
Remark 3.4 The same argument as in Proposition \3.3\ shows that the quadratic form on J^j^ given by 

G e"'dr(-A) + g-Zp^'^* + e-^A^+ 1 , 
is associated to a unique (positive) self-adjoint operator which we denote by the same symbol G. 

4 The cubic NLS equation 

Let i/*(M"') denote the Sobolev spaces. The energy functional h given by (fT2l l has the associated vector 
field 

X:H\M.) — > H-\R) 

z ' — > X{z) = -Az + d-,P{z), 

which leads to the nonlinear classical field equation 

id,<p = X((p) 

= -A(p + \(p\^(p 

with initial data 9|,=o = (po (K)- It is well-known that the above cubic defocusing NLS equation is 
globally well -posed on //'(M) for s > 0. In particular, the equation ( fTTl ) admits a unique global solution on 
C°(R,H"'{M.)) n C' (M,//'"-2(M)) for any initial data (p e //'"(R) when m = 1 and m = 2 (see MGiVe3l for 
m = 1 and |JJ for m = 2). Moreover, we have energy and mass conservations i.e., 

h{(pt) ^ h{(po) and ||^(||i2(K) = ||^||i2(K) , 

for any initial data G (M) and (pf solution of ( fTTb . It is not difficult to prove the following estimates 

ll^lli^(K) < 2||(p||^2(H) ||5^^||i2(K) < 2||(p||i2(K) /i((p)l/2, 



(18) 



for p>2 and any (p £ (M). Furthermore, using Gronwall's inequality we show for any G H^(R.) the 
existence of c > depending only on such that 

||^r||//2(R) <e''l'l \\(Po\\h2(r), (19) 
where (pt is a solution of the NLS equation ( [TtI i with initial condition ^o- 

5 Time-dependent quadratic dynamics 

In this section we construct a time-dependent quadratic approximation for the Schrodinger dynamics. We 
prove existence of a unique unitary propagator for this approximation using the abstract results for non- 
autonomous linear Schrodinger equation stated in the AppendixICl This step will be useful for the study of 
propagation of coherent states in the semiclassical limit in section|6l 

The polynomial P has the following Taylor expansion for any zo (R) 

P{z + zo)^J:—^{zo)[z]. 

j=Q J- 
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Let (pt be a solution of the NLS equation (fTTI i with an initial data (po&H^ (M). Consider the time-dependent 
quadratic polynomial on J^(R) given by 



Z)(2)p 



Re / z{x) (p,(xfdx + 2 / \z{x)\^\%{x)\^dx. 



PiitM 



Let {A2(f)}reR be the e-independent family of quadratic forms on defined by 

eA2(f):=dr(-A)+P2(f)'^"'- 

Lemma 5.1 For (po e //' (R) let 

tJi :-162(||(po|L2(u) + l)^(K(po) + l) an^f tSs 162(||(po|li2(R) + 1)^/VM<Po) + L 
The quadratic forms on 5^ defined by 

52(f) :=A2(f) + iJie"'A?+i?2l, feK, 
are associated to unique self-adjoint operators, still denoted by 82(1), satisfying 

• 52(0 > 1. 

• &{S2it)^'^) = -^iforany t eR. 

Proof. The case 90 = is trivial. By definition of Wick quantization we have for ^,(S> G 5^ , 

(4>,P2(r)"'"*^>=2f;e« I \ (p, (^i ) p <!>{«) (^1 , • • • ,x„)^(") (^1 , • • • ,x„) c/^i • • • dxn 

+ y eV(« + l)(« + 2) / <I>(")(xi,--- ,jc„) ( / ^,(x)V("+^^(jc,jc,xi,--- ,Xn)dx\dx\---dXn 

,7^0 -^K" / 

+ f\sy/{n+l){n + 2) [ ^'^'^\xl,■ ■ ■ ,x„) ( [ (p,{x)^^i''+^){x,x,xu- ■ ■ ,x„)dx] dxi- ■ -dxn. 
,S) -^K" / 

Therefore, using Cauchy-Schwarz inequality, we show 

|(0,P2(fr'*^>l < 2||(p,||i.,j,J|A^i/24>||x||A^V2^|| 



(20) 



(21) 



+ ll'Pr|li4(„)||(A^ + e)'/'4>||x 

+ ll'Pr|li4(M)||(A^ + e)'/'^||x 

Now we prove, by Lemma [ATI the crude estimate 

\{^,P2itf^-'^')\ < max(||,p,||2,(^ 



^£(« + 2)||1'("+2)(;t,X,Xi,---,X„) 

n=0 

£e(« + 2)||4>(«+2)(x,x,xi,-..,x„) 



n=0 



1/2 



1/2 



+ ||(A? + e)'/2(i>|| X ||(adr(-A) + a-'A?)'/2xp|| 
+ ||(A? + e)i/2^||x ||(adr(-A) + a-iA?)'/2^|| 



This yields for any a > 

|(<I>,f'2(f)'^"*1'>l < amax(||^,ii2 



t°°(K)) 

X II [dr(-A) + (a-1 + 3)a-^N + a-^el] '''^4>| 
X II [dr(-A) + (a-i + 3)a-iA? + a-'el] '''^>I'| 



(22) 
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Remark now that ( fTST i yields 

max(||^,||24jjjjj,||^,||2^(jj^) <2(||(po||z,2(H) + l)^/V/<'Po) + l- 

Hence, for a^^ = 3(||^o|Il2(k) + ^Y^^^K^o) + 1 > 0, we obtain 

£-i|(4>,P2(fr''*'I'>l < l\\[e-'dY{-A) + i»i£-'N+i»2lY'^^\\ 

x||[e-idr(-A) + i>ie-iA? + t92l]^''^^||. 

Applying now the KLMN theorem (see JRSI Theorem X.17]) with the help of inequality ( |23] ) we show that 

S2{t)^A2{t) + &\£'^N+&2'^ with i>i >(a"'+3)a"', and iSj > a"^ + 1 , 

are associated to unique self-adjoint operators 52(0 satisfying 5'2(r) > 1. Furthermore, we have that the 
form domains of those operators are time-independent, i.e., 

for any f e M. ■ 

Remark 5.2 The choice of -di, j32 th^ previous lemma takes into account the use ofKLMN's theorem in 
the proof of Lemma \63\ 

We consider the non-autonomous Schrodinger equation 

id,u=A2(t)u, f e M, 



/ ^ (24) 

U[t = S) =^ Mj . 

Here R 9 f i-^ ^2(0 is considered as a norm continuous -valued map (see Lemma |53T l. We 

show in Proposition |5.5| the existence of a unique solution for any initial data Mj G using Corollarv lC.4| 
Moreover, the Cauchy problem's features allow to encode the solutions on a unitary propagator mapping 
(f,s) I— > U2{t,s) such that 

U2{t,s)us = ut, 

satisfying Definition|Cl]with ^ = ^, ^ = and / = M. 

In the following two lemmas we check the assumptions in Corollarv lC.4| 

Lemma 5.3 For any (po G //'(R) and f G R the quadratic form A2{t) defines a symmetric operator on 
and the mapping f G R i— > A2(f) € is norm continuous. 

Proof. Using (l23T l we show for any ^,<I> G ^5^ 

|(4>,A2(fWI < |(4>,e-'dr(-A)^)| + |(4>,£-ip2(fr''*^'l'>l 

< ||5|/^<I>|| ||5|/V|| + fz>i||5|/24>|| (25) 

where , are the parameters introduced in Lemma lSTI Hence, this allows to consider A2(f) as a bounded 
operator in Since A2(r) is a symmetric quadratic form it follows that it is also symmetric as 

an operator in ^(^| , ^1 ) . 

Now, using a similar estimate as (l22T i we prove norm continuity. Indeed, we have 

|(<I>,[A2(r)-A2(.0WI - e-'\{<P,[P2{t)~P2{s)f''-'^)\ 

< 4max(||(p2-(p2||^2^j^j,|||,j!,,|2_|^^.|2||^^^^^^ ||vj/||^j llfll,^!. 

Note that it is not difficult to prove that 

max(||^2_^2||^^^^^^|||^^|2_|^^|2||^^^^^^ — ^0 whenf^s. 

This follows by ^ and the fact that (p, G C^{R,H^ (R)). ■ 
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Lemma 5.4 For any (pQ G H^(R.) there exists c > (depending only on (po) such that the two statements 

below hold true. 

(i) For any G we have 

\dr{^',S2m\<e'^\'\ + '^\\S2{t)'/^'l'\l^. 
(iij For any W,cS>G ^{Siit)^^^), we have 

\{^,A2{t)S2m) - (52(f)^,A2(f)0)| < c||52(f)i/2vp||^ \\S2{t)'^'n.^. 
Proof, (i) Let ^ e c5^, we have 

dri^Mtm = e-' d,{^',P2{t f''-'^) 

where dtP2{t) is a continuous polynomial on given by 

dtP2{t)[z] = 2Re z{xf (Pt{x)dt(pt{x)dx + 4Re \z{x)\^ (pt{x)dt(pt{x)dx . 
Jm Jr 

A simple computation yields 

(1) 



[<9,P2(f ^>=4Re Y^ne / (p,ixMmixi)\¥"Hxi,- ■ ■ ,x,)\^ dxi ■ ■ -dx^ 
«=i 

+ EeV(n + 2)(n + l) / ,x„) ( / (ptix) d,(p,{x)¥"+^\x,x,xi,- ■ ■ ,x„) dx] dxi ---dxn 

„=0 V'^R / 

+hc. 

From dTsl l we get 

1(1)1 < \Wtdt(pi\\LUK) f sup ^'"'(xi,--- ,x„) dx2---dx„ 

< \ML2iR) X ||4<P,|L2(K) ((1-'5.',)^<"\^<"')l2(r„). 

Now we apply Cauchy-Schwarz inequality, 

\{^;[d,P2{t)r^-'^')\ < 4||(p,||^2(„) ||5r<p,|L2(„) (^Le«((l-<3.^J^("\^("^)^2(K„)j 

+2||(p,|U.(„)||a,(p,|L2(jj) ('£e(« + 2)||>I'(«+2)(^^^_.)||2^^^,_^^^'j X fi:e(« + l)||^("'|li2(„„)) . 

In the same spirit as in (l22l t, we obtain a rough inequahty 

|(>I', [5,^2(0]""^* ^)l < max(||,p,|L.(„),||,p,||,.(j,))||a,,p,||^,,j,) [4||(dr(-A)+A^)i/2>P||2 

+2 ||(dr(-A)+A?+l)'/2l' 
Observe that ( |23T l implies 5i < 352(f) for all f G M. Hence, we have 

e-'\{^;[d,P2it)r''^')\ < 6max(||(p,|k.(K),||(p,|L2(K)) \\d,(p,\\,2^^) m\%i 

< 18max(||(p,|L.(K),||(p,|L2(„)) ||5r<Pr|lz,2(R) ||52(f)'/2^|| 
This proves (i) since (fT8]l-(fT9]l ensure the existence of c > (depending only on (po) such that 

^M\\(pt\\L-{M),\\(pt\\LHm) ll^''P'llt2(M) <e''<l'l + ''. 



|2 



^ ■ 
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(ii) If 'P,<I> e ^(52 (f)^/^) the quantity 

^ (^,A2(f)52(f)4>> - (52(f)^,A2(f)1>), 

is well-defined since A^it) € and 52(f )^(52(f)^/2) C ^(52(f)^/2) = J^|. Note that A' e 

Hence, we can write 

^ = CP, [52(f) -i?ie-'A^-i92l]52(0f)- (52(0^, [52(0-'?ie"'A^-^52l]«>) 
= t>i ((52(0^,e"^A?«>> - (e"^A?^,52(r)«>» • 
Observe that, for A > 0, e"'A^(Ae"'A^+ C and that 



lim e-W(Ae"W+l)"' =e"Win^(jrf ,^M. 



Therefore, we have 



= iJi lim (52(f)1',e"W(A£-W+l)"'4>>-(e"W(Ae"W+l)"'l',52(f)4>) 



Let A^;l denote £ ^A^(Ae ^ A simple computation yields 

e'^x = (^,P2(f)'^"''A^A*>-(A^A^,^2(f)"'"''f) 

where g(t) is the polynomial given by 



A similar computation as (ISTT i yields 



- F K-(n) / 4>("^(;ci,--- ,x„) ( / (p,(x)^1'("+2)(x,x,xi , • • • ,jc„)(ix ) lixi • • -c/xn , 



where 



K-(«) 



(n + 2)^(n + l)(« + 2) n^(n + l)(n + 2) 



(A(« + 2) + l) 

Note that jc(n) < 2(« + 2). Hence, using Cauchy-Schwarz inequality, we show 



< 



2||<P,||^4( 



+2||<Pf||^4( 



E(« + 2)||^ 



(«)||2, 



1/2 



n=0 

n 1/2 r 



E(« + 2)||0("+2)(^,^,.)||2^^^„ 



-I 1/2 



L(« + 2)||<I>' 



(")||2 



-I 1/2 



^(„ + 2)||>I'(«+2)(_^^_^^ )||2^^^^^ 



K=0 



Using Lemma IaTI with a = we get 



£(« + 2)||^(«+2)(_^^_^^ )||2^^^^_^^^ < 1 £(„ + 2)(D2,'P(«+2)^vp(«+2)) + („ + 2)||^("+2)|| 



n=0 



together with an analogue estimate where ^ is replaced by O. Now, we conclude that there exists c > 
depending only on 90 such that 



(26) 



This proves part (ii). 
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Proposition 5.5 Let (po e H^(M.) and A2{t) given by ( 1201 ). Then the non- autonomous Cauchy problem 

id,u=A2{t)u, f e R, 
u{t = s) ~ Us , 

admits a unique unitary propagator U2{t,s) in the sense of Definition IC.il with 7 = M and = 
Moreover, there exists c > depending only on (pQ such that 



||[/2(f,0)||^(^,) 



<e' 



Proof. The proof immediately follows using Corollarv lC.4l with the help of Lemma lS .3115 .4l and the inequal- 
ity 

Cl^i < ^2(0 < C2Su 

which holds true using dZST l. ■ 

6 Propagation of coherent states 

In finite dimensional phase-space, coherent state analysis is a well developed powerful tool, see for instance 
HCRRI . Here we study, using the ideas of Ginibre and Velo in IIGiVe21 . the asymptotics when e ^ of the 
time-evolved coherent states 

for ^ in a dense subspace C =^ defined below. We consider the following Hilbert rigging 

defined via the e-independent self-adjoint operator (see Remark [34] l given by 

G := e"'dr(-A) + e"V^''* + e"'A^+ 1 , 
as the completion of ^(G*'/^) with the respect to the inner product 

(1',<I>).^^:=(G±i/2l',G±'/2<I>)^. 

We have the continuous embedding 

C ^+ C ^ j . 

The main result of this section is the following proposition which describes the propagation of coherent 
states in the semiclassical limit. 

Proposition 6.1 For any (po G H^(M.) there exists c > depending only on (po such that 



e-"/'=Hew{^(po)'i'-e'''^'y'W{^(Pr)U2{t,Q)'¥ 



holds for any f G R and ^' G where (pt solves the NLS equation ( 1771 ) with the initial condition (po and 
(0{t) = JqP{(Ps) ds. Here U2{t,s) is the unitary propagator given by Proposition \53\ 

To prove this proposition we need several preliminary lemmas. 

Lemma 6.2 The following three assertions hold true. 

(i) For any t, G L^(R) and G N, the Weyl operator W {B,) preserves 2>{N''I^). If in addition t, G 77'(R) 
then W{^) preserves also when pL>\. 
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(ii) For any G //' (M), we have in the sense of quadratic forms on , 



w{—^y /i"''^* w{—^) = h{. + ^f'^-i' . 

le le 

(Hi) Let{R3t^^(p,)e C' (M,l2(M)), then for any ^ e &{N^^^) we have in ^ 

iedtWC^(p,)'i' = [Re((p,,/^,(p,)+2Re(^,/^,(p,>"'"* 



Proof, (i) Let be the linear space spanned by vectors G ^ such that = for any n except for a 
finite number. It is known that for any 



fP^:^W{—^)*NW{—^)^'=[N + 2Rt{z.^' 
le le ^ 



Wick 



(27) 



For a proof of the latter identity see lAmNill Lemma 2.10 (iii)]. Hence, by Cauchy-Schwarz inequality it 
follows that 



||A.l/2W(^^)^||2 



CP, 



A? + 2Re(z,^ 



,Wick 



n=0 



^ Ve(n + 1) / ^^'''W / ^{x)^>^"+^\x,y)dx]dy + hc 



< 



(l + II^IL2(M))'ll(A^+l)'/'^ll'. 



Now, for ^ > 1 we show the existence of an e-independent constant Q > depending only on k and 
ll'?IL2(R) such that 



ii«./%,|5)Tip=(*.»'T><Qii(«+.r-TiF. 



(28) 



This is a consequence of the number operator estimate ( fTOl l and the fact that N'^ is a Wick polynomial in 
'LoKr.sKk^r.A^^O^)) (^^e, e. g. , H AmNi 1 1 Prop. 2.7 (i)]). Thus, we have proved the invariance of &{N''/^) 
since .^q is a core of N''^^. 

Now the invariance of jJ. > I, follows by Faris-Lavine Theorem lB . 1 1 where we take the operator 



A = V2Re{z,^f'''' and S = S^ = e-idr(-A) + e-f'Nf' + 1 , 



and remember that 



In fact, assuming ^ e //' (K.) we have to check assumptions (i)-(ii) of Theorem lB.il For any we 
have by Wick quantization 

2Re(z,^)^'^^-'P = V v/e(« + l) / W)'i'^"^'Kx,xu- ■ ■ ,Xn)dx 

n=0 



l^J-'£^ix,)¥"-'Hx, 



n=l V n J^, 



Therefore, it is easy to show 

||Re(z,^)^-^^|| < ^/i||^|L2(j,)||(e-'A^+l)i/2>P| 

< v^muM)\\sin, 
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and hence we obtain that C f^(A). Let ^ e a standard computation yields 

V2{{A^',Sf,^>)-{s^^',A'i')) - (fl(-A<^)^,^)-(^,fl(-A^W 



(29) 



Each two terms in the same line of (|29] l are similar and it is enough to estimate only one of them. We have 
by Cauchy-Schwarz inequality 



j(-A^)^,^)| < 



,1=0 



^ v/e(n + l) / ^("'(y) / -A^{x)¥"+^'>{x,y)dx dy 



< 11^ 



l/2u;||2 
1 ^11 J 



and for 1 < < ^ - 1 



< 



< 



This shows for any G ^{S^), 



„=o -^K" V-'R / 

2''||^IL2(M)||4/V||2. 



±i(>P,[A,5^]>P)<C||5yV||2. 



Part (ii) follows by a similar argument as IIAmNill Lemma 2.10 (iii)] and part (iii) is a well-known formula, 
see EMU Lemma 3.1 (3)]. ■ 



Set 



t)^W{^(p,)*e-"'<^'y'e-"/'"'Wi^(pQ). 



Lemma 6.3 For any (po G H (M) there exists c > such that the inequality 



11^(011 



<e' 



holds for f G M uniformly in £ G (0, 1]. 

Proof. Observe that the subspace ^+ given as the image of ^(i/e) n by W{^(Pq)* is dense in ^. 
Let ^ G ^+ and <I> G '^+, then differentiating the quantity (4>,#'(f)^) with the help of Lemma |0] and 
Proposition |33] we obtain 



iE^,(<P,wit)^') 



[P{(p,)-Re{(p„id,(pt)-2Re{zM(pt)'"'*]^m 

(4>,W(^(p,)V-'»W/<^//,W(^(poW . 

(1) 



(30) 



Let Ry l[o.v](£ ^) ^nd remark that s — limy^oo /?v = 1- Furthermore, we have that Rv'^+ C since 
it easily holds that 

\\Ry0\\%,<v'm\l^. 

Therefore, since W{^(pt)Rv^ and W{^(po)^ belong to .^l, we have 



(1) 



lim {Ry<P,W{ — (pr)*e-"'^'^/'HeW{ — (po)'i') 



i£ le 

Wick , 



= lim{Ry'P,h{. + (p,^'"'W{t)^>). 
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So, we get 



(1) + lim (/?v4>, [p{(Pr)-M(prM(pr)~2Re{zM(prf''*] ^(fW 
lim {Ry<i>, {eA2it)+P3{tf''''+P'^''''Wit)^>) , 



where we denote 

Z)(3)p 



^3 (OH 



3! 



=:£©(/) 



((p,)[z] =2Re y^(p,(x)z(x)|z(x)|2£/x and P{z) = ^^{(p,)[z] = - i \z{x)fdx. 



4! 



A simple computation yields 



9,(ji:)4>(«)(jc,y)^("+')(jc,jc,y)c/x dy 



+ V ./«2(« + l)e3 / f / ^,(x)<I>(«+i)(x,x,y)1'W(;c,y)t/;cV3'- 



Using Cauchy-Schwarz inequality and Lemma lATTl we obtain 



ll'Pi|lL°°(K) 



(31) 



where i?i , i32 are the parameters in Lemma ISTT] Hence, ©(f) extends to a bounded operator in ^(^+,$^_) 
since A2(f) andf*^"* belong to ^($^+,^#_). As an immediate consequence we obtain 



Now, we consider the quadratic form A{t) on given by 

A(f) :=0(f) + iJie"'A?+i92l. 
It is easily follows, by (fTsT i and dSTl i. that 



(32) 



|(<I>,f3(f)'^''^''1')| < I II (-e"Mr(-A) + e-ip'^''* + jJie-iA^ + j92l)^''^<I>| 
II (-£-idr(-A) + £-'P"''''*^ + iJie-iA?+i92l)'''^'P|| 

Therefore, using ( [23] ) and ( [33] ) we show that 



(33) 



£)(2)p D^^'P 
^('Pr)H + ^(<Pr)[z] 



Wit* 



is form bounded by e^'dr(— A) + £-^p^"^k _^ jj^g^iA^-i- jjjl with a form-bound less than 1 uniformly in 
EG (0, 1]. Hence, by the KLMN Theorem URSI Thm. X17], the quadratic form A(f ) is associated to a unique 
self-adjoint operator which we still denote by A(f), satisfying ^(A(f)) = and A(f ) > 1. Moreover, it is 
not difficult to show the existence of ci , C2 > such that 

ciSi<A{t)<C2G (34) 

uniformly in e S (0, 1] for any f <E R . Now, we consider the non-autonomous Schrodinger equation 

idfUt — &{t)ut , (35) 

with initial data uq e Next, we prove existence and uniqueness of a unitary propagator y{t,s) of the 
Cauchy problem ( [35] l. This will be done if we can check assumptions of Corollary IC.4I with — J^±, 
A{t) = 0(r) and S{t) A(f ). Thus, we will conclude that 



||A(f)i/2r(f,0)^||,^<e-^"' ||A(0)'/2vp||,^ 



(36) 
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Observe that R 9 f 0(f) e ^(^^+,^^_) is norm continuous since 

I (O, (0(0 - W) ^) I < 1 10| kj IA2 (0 - A2(.) 1 ) I I'I'I k 

and an estimate similar to (ISTT i yields 

I (4>, e- ' (P3 (f ) - (0)""''* 'i') I < 2V2I I (p, - 1 14>| 1,^^ my^. 

Let us check assumption (i) of Corollarv lC.4l We have for ^ e C 

5,(^,A(fW = 5,(^,52 (fW +5, (^,e-'P3(fr"*^> ■ 
A simple computation yields 



<9r(^,e-'P3(f)'^''M = 2Re 



^ A/n2(n+l)e 



ar(Pr(;c)^W(x,y)^(«+i)(A;,x,y)t/A; <iy 



So, by Cauchy-Schwarz inequality and Lemma lATl we get 



^(« + l)||sup>pW(x,.) ||2 

-,1/2 



1/2 



2 



^«2e||xj/(«+i)(^^^^ 

_n=l 

< 2^/2||^,(p,|L2(„)||A(f)'/'>^'|^ 

The latter estimate with Lemma |54l (i) and (fr8]l-(fT9]l give us 

1^,(1', A(f)l') I < I \A{ty/^^>\ |2 . 

Now, we check assumption (ii) of Corollary IC.4I We follow the same lines of the proof of Lemma 15.41 
(ii) by replacing 52(f) by A(f ) and A2(f ) by 0(f). So, we arrive at the step where we have to estimate for 
'PjO e ^(A(f)^/2) and A > 0, the quantity 

'^Mt)] {^,e-'g{tf'-'N^<P)-{N^^',e-'g(t)^'^-'<P), 

where A^;^ := e^^N{Xe^^N + 1)^' and g{t) is the continuous polynomial on ^(R) given by 

Note that the part 'i^i[P2{t)] involving only the symbol P2{t) is already bounded by ( |26] |. Thus, we need 
only to consider 'i^x [^"3 (f )]. A simple computation yields 



(p,{x)<i>'-"+^'>{x,x,y)'i'M{x,y) dx dy 



11=1 



(pt{x)<i>^"^ {x,y)'¥("+^'){x,x,y)dx dy 



where 



K{n) 



(n + l)^e«2(„ + 1) «^e«2(„ + 1) 



(A(« + l) + l) 



(An+1) 



satisfying | K{n) \ < \Jn^{n + 1) uniformly in e e (0, 1] and A > 0. So, using a similar estimate as (ISTT i. we 
obtain 



.[P3(0]l<^ll'Pr||L^(R)||A(0'/'^lll|A(0'/'«>l 
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This proves assumption (ii) of Corollary |C. 41 Now, we check that 

= r(f,o). 

In fact, for 4> G and 'I' e ^+ we have 

idri^, r (0, r)W(rW) = - {e(r)r(r, 0)0, + /lim (r(r + s, 0)<I>, + tpx ^ 

.v^O s 

and since by (|30] | we know that linij^o ^^i-t^^^L^lil exists in we conclude using ( |32] l that 

5,(<I>,r(0,r)yr(r)^) =0. 

This identifies ^(f) as the unitary propagator of the non-autonomous Schrodinger equation i35[ . Therefore, 
by ^^-^^ we get 

for any t e M uniformly in e e (0, 1] . ■ 

Lemma 6.4 For any (po e //^ (M) and ^ e we /lave 

||#'(0l'-f/2(f,0)^||2^ = 2(^,(1 -/;v)^)-2Re(#'(f)'P,(l-/?v)f/2(f,0)^) 

+2Im r [0(i)i?v--RvA2(i)]f/2(i,O)^) ds, 

Jo 

where Ry :— g{^—^) with G any bounded Borel function on R+ with compact support and here 

&is)^A2is) + e-'Qsizr"', 
with Qs{z) the continuous polynomial on y{M.) given by 

Qs{z) = -J^{(ps)[z] + ^i(p.)[z]. 

Proof. We have 

\\W{t)^>-U2{t,o)^>\\% = 2\\^>\\%-2Re{W{t)^>,U2{t,o)^') 

= 2{^',{l-Ry)^')~2Re{W{t)'¥,{l~Ry)U2{t,Q)'^') "^^^^ 
+2Re{^>,Ry^>)-2Re{Wit)^',RvU2{t,0)^'). 

Hence to prove the lemma it is enough to show that 

R3 s^Re{W{s)^>,RyU2is,0)^>) eC'(M) (38) 

and compute its derivative. Recall that the propagator U2{s,0) G C''(R,.5f (c^_|)), by Proposition 15 .5 1 and 
that W{s) e C''(M,^({#+)) since it is the unitary propagator of the Cauchy problem ( |35T l. It is easily seen 
that 

s^RvU2{s,0)'¥, 

are in e C''(R,$^+) since Ry maps continuously ^_|_ into We also have that 

s^W{s)^>eC^iR,^-) and s ^ U2is,0)^> e C\R,,^^) . 
This proves the statement ( |38] ). Therefore, we have 

2Re(^./?v^) -2Re(yr(f)^,/?vt/2(f,0)^) = --Im /'/ea, (#'(.9)^,/?vf/2(i,0)1') ds. (39) 

e Jo 
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The fact that Wit) is the unitary propagator of ( [35T l with Proposition |5.5l vields 

/e5,(^(i)^,/?vf/2(i,0)^) = -{z@{s)W{s)^>,RyU2{s,^)^>) + {W{syv ,RyZA2{s)U2{s,Q)^>) . (40) 
Now, collecting (|J7l ). ( [39l ) and ( |40l ) we obtain the claimed identity. ■ 

Proof of Proposition ISTT] We are now ready to prove Proposition |6jTJ 
First observe that we have 



= 11^(0^ -f/2(f,o)'Pii; 



Now, using Lemma 16741 one obtains for t >0 (the case f < is similar) the estimate 

||5r(f)^-f/2(f,o)i'||^ < 2\{^',{l-Ry)^')\+2\{Wit)^',{l-Ry)U2{t,om\ 



+2 / \{l¥'{s)^,[®i^)Rv-RvA2{s)]U2{s,0)'¥)\ds. 
Jo 

Here we consider a to be in the class (K+), decreasing and satisfying a{s) = 1 if 5 < 1 and a{s) = if 
s > 2. We have for v positive integer. 



' n=v+l 
1/11/ o-l 



< ■^(^,e-'[dr(-A)+A^]^) 



< 



l^ll 



Hence, we easily check with the help of Proposition 15.51 and Lemma |63] that 

\{w{t)^',ii-R,)U2{t,om < u\u2it,omy^\\y^my 

Next, we show that there exists C > depending only on (po such that 



The latter bound follows by Cauchy-Schwarz inequality. Lemma IaTI and (fTSl l. 



p / \ Wick 

+ \^\\(pr\\L- 



2v 

^(„ + l)||4> 

«=i 



W||2. 



1/2 



1 1/2 



2v 

£«2|Hp(«+l)(^^^^^ 

n=l 



2v 

£n2||^(«+l)(_,^_,^ 

n=l 



L(« + i)II'1'*"^IIl^(m« 

< 2vVi||(p,|L^(M) 1 1 (e-'A^+l)'/2<I>||,.^ 11^11,^1 
and a similar estimate for p^"^^^ 



1/2 



1/2 



Hence we can check that 



'V,e-^Q,iz)'^"''RyU2is,0)^)\ds < C{ve^/^ + vh)j\\W{s)^\y^ ||t/2(i,0)^||^i af*. 
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Now, by Lemma [63] and Proposition |5 . 5 1 we obtain 



+ + Jo ^ + 



< 



< \m\ 



mL \m\ 



Vs. w^w.^i d^ 



A simple computation yields 



A2{s)Ry-RyA2is) = - 



a )-c7 ) 

V V 

C7 -C7 

V V 



Wick 



%{x) z{x) dx 



Wick 



We easily check that 



since e 'dr(— A) + e W commute with e 'A^. Thus, using (l23T l there exists co,c > such that 



a{ -(7( ) 

V V 



,-1 



<^l|cT'|k^ 



\{W{s)^>,[A2{s),Rv]U2{s,0mds < 



\\Wis)^l^i ||f/2(i,0)1'||^i ds 



V Jo 

Finally, the claimed inequality in Proposition 16. 1 1 follows by collecting the previous estimates and letting 

We have the following two corollaries. 
Corollary 6.5 For any (po G H^{R) and any B, e L^(M) we have the strong limit 



5 _ lim W ( — (po)* e"l'"' Wi^ ) e-''l^"' Wi — (pQ)= 
£^0 ie ie 

where (pt solves the NLS equation (|77| with initial data (pQ. 
Proof. It is enough to prove for any 'I',"!) e the limit: 

lim (e-'V^«^W( — (po)^, W(^)e-"/'"'W(—(pom^e''^^''^^^<P'^ (^,4>' 
£^0 ie 

Indeed, using Proposition lO] we show 



le 



(41) 



,V2 



{e-''/'"^W{^(po)^,W{^)e-''/'"^W{^(po)<P) = {W{^(pr)U2{t,0)^,W{^)W{^(pr)U2{t,0)<P) 
le le le le 

+ 0(ei/**). 

Therefore by Weyl commutation relations we have 

{W{y^(Pt)U2{t,0)^,W{^)W{^(p,)U2{t,0)<P) = {U2{t,0)^,W{^)U2{t,0)^^^^ 
le le 

Thus the limit is proved since s — limg^o = I. ■ 

Recall that is the subspace of ,^ spanned by vectors 'P G J? such that = for any index n G N 
except for finite number. Note that H is dense in 
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Corollary 6.6 For any (po e H^{M.) and any ^,4> e and be ^p,^(L2(M)), we have 

lim {W{^(Pq)1', e''l'"' i,w.ck^-it/EH, ^( ^ ^^^^^ ^^^^ ^ 

where (p, solves the NLS equation H17\l with initial data (pQ. 

Proof. Consider a (p,^)-homogenous polynomial G ^p,q(L^(M)). We have 

ie ie 

= ({N+iy'Wi^(po)'V,e''/'"'Bee-"/'"'{N+iyWi^(po)^) , 

where Bg := (A?+ l)-'?/7^"*(A^+ 1)-''. The number estimate ^ yields 

ll^^^ll - PII^(L2(MP),L2(K9)) ' 

uniformly in £ G (0, 1 ] . Let A^, be the positive operator given by 
By (|27l), we get 

= {W{^<Pq){Nq + 1)^^, e''l'"' B,e-''l'"' w{^(po){No + 1)"<P) . 

Now, observe that 

lim(^0 + 1)'^* - (1 + \\(p\\l2(^^/<P and lim(^o + 1)^^ - (1 + ||(p||i2(„))^^. 



So, using Proposition l6. ll we obtain 

^ = (l + ||(Po|ll2(K)rMW(^(p,)f/2(f,0)'P,B,W(^(p,)f/2(f,0)4>) + 0(e'/'*) 
= (C/2(f,0)^, (A^( + lyti. + 9,)"'''* (A?, + l)-Pf/2(f ,0)4>) + 0(£i/**) . 

We set ^£ (A^+ + l)-iU2{t ,0)'¥ and <I>£ = {N+l)''{Nr + iyPU2{t,0)<P and remark that we can 

show for (po y^O and jj. a positive integer the following strong limit 



s-lini(A?+l)''(M + l)"'' = 7-;— — 2 — . (42) 



1 

This holds since we have by explicit computation 

\\{ai<p,)+a*icp,)){N+M\'+l)-'\\ < --^l^ ^^ < 1, 

for e sufficiently small and hence we can write 



(A^+l)(M + l)-' = (A^+l)(A^+||(p,||2 + l)-'[(«(<Pr)+«*(<Pr))(A^+||<P,||' + l)-'+l]-^. 

This proves (|42] | for = 1 since i — limg^o = 0- Now, we proceed by induction on ji using a commutator 
argument 
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with the observation that the second term of (rh.s.) converges strongly to 0. Therefore, we obtain 

1 , „ . 1 



.-0 (l + ll^l 



-U2it,0)^' and lim4>,^^^-j^^^^f/2(r,0)4>. 



It is also easy to show by explicit computation that 

w - lim (A? + 1 ) -''/jj^" {N+l)-P = 0, 

for any br,s € ,^r,s{L^i^)) such that < r < p and <s <q. Hence, letting e ^ 0, we get 
lirn^ = (l + ||(po||i2(„)r+Mhn(1'„(A^+l)-^/7((p,)(A^+l)-''4>,) 

since ||(p,||i2(K) = ||<Po|Il2(m) andi-lim£^o(A^+ 1)"'' = 1 for^ > 0. ■ 

We identify the propagator U2{t,s) as a time-dependent Bogoliubov's transform on the Fock represen- 
tation of the Weyl commutation relations. 

Proposition 6.7 Let (po G //^(M) and consider the propagator U2{t ,0) given in Proposition \5.5\ For a given 
seRlet e H^{R), we have 

U2{t,s)W{^)U2{s,t)^W{^^^) 
We We 

where ^{t,s) is the symplectic propagator on L^(R), solving the equation 



idt^,{x) = [-A + 2|(p,(x)p] + ^f(x), 



(43) 



such that j3(f,s)^j — 



Proof. Observe that if (po S then the solution (pt of the NLS equation ( fTTI l with initial condition 

(po satisfies (p, G C''(M,L°°(R)). Hence, by standard arguments the equation ( |43] l admits a unique solution 
4 G C"(M,//2(M)) n (R,l2(R)) for any 4- e H^{R). Moreover, the propagator 

defines a symplectic transform on L^(M) for any r,5 e K. This follows by differentiating 

Im(j3(f,5)<^,j3(f,.)T7), 
with respect to t for ^ , J] G //^(K). Furthermore, j3 satisfies the laws 

Pis,s)^l, I5{t,s)l5{s,r)=l5(t,r) for t,r,seR. 
Now, we differentiate with respect to t the quantity 

U2{s,t)W{^)U2{t,s) 
we 

in the sense of quadratic forms on jFf , with ^, solution of (l43l) . Hence, using Lemma|62](ii), we get 



/2 

U2{s,t)W{^^,)U2{t,s) 
we 



U2{sj)Wij^^r)[W{^^^,riA2it)W{^^,)-iA2it) 



(44) 
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Now, by IIAmNiU Lemma 2.10], we obtain 

where m(t) [z] is the continuous polynomial on ^(M) given by 

m{t)[z] = {z-Az)+P2{t)[z]. 
Therefore, the (r.h.s.) of (l44l l is null if we show that 

m(f)[z + Ve^,]-m(f)[z]- (eRe(<^,,/a,<^,)+2VeRe(z,/<9,<^,)) =0. 
This follows by straightforward computation. ■ 

7 Propagation of chaos 

Propagation of chaos for a many-boson system with point pair-interaction in one dimension was studied in 
[ABGTJ (see also the related work lAGTII ). Here we prove this conservation hypothesis for such quantum 
system using the method in IRoSchl . Thus, we are led to study the asymptotics of time-evolved Hermite 
states 

^-itleA. ^ith ^0 g h2(R), I |,po| L2(„) = 1 , 

when « ^ oo with n£„ = 1 . We denote the coherent states by 

/2 

£((po):-W( — (po)iio, 
le 

where Hq = (1,0, • • • ) is the vacuum vector in the Fock space To pass from coherent states to Hermite 
states we use the integral representation proved in IRoSchl . 

€" = ^J e-''"Eie''(po)de, where y„ :^ _ J/ . (45) 

Asymptotically, the factor 7„ grows as (27rn)'/'* when n ^ °o. 

In the following proposition we prove the chaos conservation hypothesis. 
Proposition 7.1 For any % £ H^{R) such that ||^o|Il2(k) — ^ ^''^^ '^"3' ^ ^ ^p,p(L^(R)), we have 

lim ((p^",e''^^""'" b^'''' e-"/«««<!» .p®") = t((p,) , 
where ne„ = 1 and (pt solves the NLS equation l[17\l with initial data (pQ. 

Proof. It is known that if a sequence of positive trace-class operators p„ on L?{]R.) converges in the weak 
operator topology to p such that lim„^oo Tr[p„] = Tr[p] < °a then p„ converges in the trace norm to p (see, 
for instance I.DAJ ). This argument reduces the proof to the case 



p 

i=l 

r2 



where fi.gj e L (M). For shortness, we set 

Eg = E{e'^^Q) and E'q = e-"l^""'^"Ee . 

Using formula ( l45l l. we get 
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It is easily seen that 
Therefore, we write 



Now, we use the decomposition 

p p 



(=1 j=\ i,Jc^p iei'^ jeJ'' 



X Yl{fi,(Pt)Yl{8j,9t}: 

iei jeJ 



where the sum runs over all subsets I, J of ^ := {1, • • • ,p}. Thus, we can write 

#I+#l<2p 

where Eg := {N + 1)^p Eg and Bj j (z) are sums of homogenous polynomials such that 



#I+#J<2p .p 2 „ 

^n-b{%)= jSri e-'^^"-''^'-^"-''^<^\E'g,,BYj'E'g)d0de', 



m„BYfE',) = n {9t,fi) n is J, %) X { YiWi) - {fi,9f n [«(^;) ■ 

(€/ jeJ \ieF jeJ': 

We have, for < #/,#/ < p, by Cauchy-Schwarz inequahty 



[E'q,,BYj''E'q) < Y\ \\8j\\L2{R)\\fi\\L2(R) 

ieijeJ 



W[a{gj)-{gj,cpf)Wg 



In the following we make use of the positive self-adjoint operator 
Observe that we have for any 6' G [0, 27t] and r>l, 



(=1 



< 



+ 



Yla{fi){N+l)-PWm, 
(=1 

Yla{fi){N+l)-Pa{frWmo 
lia{fi)[a{fr),{N+l)-P]Wmo 



i=l 



We easily show that 



Furthermore, we have 



\\a{fr)wmo\y < \\fr\y(n)V^n\wm^i^^,^i)- 



[a{frUN+l)P]{N+l)-P\\^^^^<Cen, 
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using ( [28] l and the fact that [fl(/r), {N + l)^] is a Wick polynomial where we gained e„ in its symbol, see 
HAmNill Proposition 2.7 (ii)]. Recall also that we have by the number estimate dTol l and ( |28] |. 



fiaimN+l)-'^ 

i=l 



uniformly in n and 0' e [0,27r]. Therefore, we have 



<C, 



0<#W<P 7[0,2;r!2 



<C^e„ 



2p- (#/+#/) " 



■ . (47) 



It still to control the terms #1 — p,#J — p — 1 and #1 = p — I ,#J — p which are similar. In fact, remark that 
we have 



4P^ 

(2;r)2 y[0,2;r]2 



e-'[i"-p)e-{n-p+i)e']^E'g,,BY'^^E'e) dOdO' = 
27r 70 ' ^ 



Now, a similar estimate as < l47b yields that 



(27r)2 7[o,27r]2 

Thus, we conclude that lim r„~b{(pt) —0 

Remark 7.2 

1) Let ^ b. 

Then Proposition \7.1\ implies the following convergence in the trace norm 



1) Let Y^, ^ be the k-particle correlation functions, defined by associated to the states e "/^"^'^n (p^". 



lim }i,H = (pr{xi)---(pt{xk)(p,{yi)---(p, {yk) ■ 



2) In terms of Wigner measures, introduced in l[AmNil\ \AmNi2]l , Proposition \7.1\ says that the sequence 
„gN admits a unique (Borel probability) Wigner measure jXt given by 

^'^2^ Jo ^^'"'^•''^^ 
where 5^,8^ is the Dirac measure on L^(K) at the point e'^cpt. 



Appendix 



A Elementary estimate 



Lemma A.l For any a > and any 'P'"' € ^^^(R"), we have 



Proof. Let y, e R""' and g € ^(R"). Let us denote the Fourier transform of g by 

m= I e-"^g{x)dx. 

JM" 

We have 



a 



giO,x') = 



(27r) 



2n 



(48) 
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Cauchy-Schwarz inequality yields 



Therefore, we get 



< 



2(27r)" Jw 



Set gixu- ■ ■ ,x„) = vpW(a^, ^2^,X3, • • • we obtain 



V2 ' V2 
2 



[ 'P*"'(x2,X2,--- ,x„) dx2---dx„ = [ g(")(0,X2,--- ,x„) 

JR"-1 \/2JR"-' 



< 



< 



V2 
(27r)-" 

2V2 
2V2 



\g("\^,,^')\Ha-' + ae,+a^l)d^xd^' 



Thus, by Plancherel's identity we obtain 

|>PW(X2,X2,... ,x„)|2«^X2...«fx„ < « ((D2^+D2jvpW,vpW),,(j,„) + ^|vpW|2,(^„j 



2%/2 

Thanks to the symmetry of it is easy to see that 

Hence, we arrive at the claimed estimate ( |48] l. ■ 

B Commutator theorems 

Here we first recall an abstract regularity argument from Faris-Lavine work BFLi Theorem 2]. 
Theorem B.l Let Abe a self-adjoint operator and let S be a positive self-adjoint operator satisfying 

• ^{S)<Z^{A), 

• ±i[{A^>,s^>)-{s^>,A^>)] < c\\s^^^^'\\^ for aim> e si{s). 

Then £2{S) is invariant by e^"^ for any f G R and the inequality 

||^l/2g-,Mxp|| ll^l/Zvpll 

holds true. 

Next we recall the Nelson commutator theorem (see, e.g., BRSI Theorem X. 36' LIlNl) with a useful regularity 
property added as a consequence of Faris-Lavine's Theorem lB.il 

Theorem B.2 Let S be a self-adjoint operator on a Hilbert space such that S>\. Consider a quadratic 
form fl(., .) with £2{a) = &{S^I^) and satisfying: 

(i) |flCP,<I>)| <ci||5i/2^|| ||5i/2<I>||/orfl«y^,4>e ^(51/2); 

(ii) |fl(^,54>)-fl(5^,4>)| <C2||5i/2ij/|| Ws^^^Wfor any^>,^ e ^{S^^). 
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Then the linear operator A : ^(A) — > Jf, &{A) = &{S^I^) : 9 ^ fl(^,<I>) continuous } asso- 

ciated to the quadratic form .) through the relation 

,A^) ^ a{^> for aim> e S!{S^I^),^ e S!{A) 

is densely defined and satisfies: 

1. &{S)c2!{A)and\\A^>\ \ <c\\S'V\\forany^>e2!{S); 

2. A is essentially self-adjoint on any core ofS; 

3. e^"^ preserves Si{S^I^) with the inequality 

\\S^l^e-''^^'\\<e'^-\'\ ||5'/2>I/|| 
where A denotes the self-adjoint extension of A. 
Proof. The point (3) follows from Theorem lB. 1 I since its assumptions: 

• &{S)CS){A), 

• ±/[(A^,5^)-(5^,A'P)] <C2||5'/2^||2, forany^e 9(8), 

hold true using items 1), 2) and hypothesis (ii). ■ 
We naturally associate to a self-adjoint operator S > I acting on a Hilbert space J^, a Hilbert rigging 
J>^±i where Jif+i is defined as ^^{S^^^) endowed with the inner product 

and Jif^i is the completion of with respect to the inner product 

Assumption (ii) of Theorem lB. 2| can be reformulated in some other slightly different ways. 

Lemma B.3 Consider a self-adjoint operator S satisfying S > I with the associated Hilbert rigging ,^±\ 
defined above. Let A be a symmetric bounded operator in then the three following state- 

ments are equivalent, 

(1) There exists c > such that for any 

|(5^,A4>) - (A^,5<I>)| < c \m,^^, ||4>||^^, , 

(2) There exists c > such that for any 

|((A5+ 1)->5^,A(A5+ I)-'*) - (A(A5+ 1)-'^, (A5+ 1)-'5<I>)| < c ||<I>||^^, , 

(3) There exists c > such that for any 'V,^^3l{S'^l^)andX>^, 

I ((A5 + 1 A4>) - (A^, (A5 + 1 )- '5*) I < c 1 1^1 ^e^, \ |4>| |.^^, . 

Proof. • (1)4=^(2): 

Observe that if A > then (A5+ C '2i{S^I^). Assume (1) and let us prove (2) for G 

'3(S^I^). Using (1) with 4^ = (A5+l)"'^e ^(5^/2) and <I> = (A5+ 1)"^4> e ^(5^/^)^ obtain 

|(5*,A<I>>-(A'1',5<I>)| <c||(A5+l)"^^||^^^^ X ||(A5+1)"'4>|[^^^ . (49) 

It is easy to see that the right hand side of ( |49] l is bounded by c| 1 1«1>| |.^| . Thus, we obtain (2). Now, 

to prove (2)^(1), we observe that (A5+ 1)^(5^/2) ^ ^(^1/2) and use (2) with = (A5+ 1)^ G Si{S^I^), 
= (A5+l)<I>e ^(5^/2) such that ^,4>e ^(5^/2). Therefore, we get for A >0 

\{S^>,A^)-{A^>m\<c\\^x\\.ye,y X II^aIU^, ■ (50) 
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Letting A in the right hand side of (|50] l. we obtain (2). 
• (2)^(3): 

Let^,4>e and A > 0, we have as identity in if ) 

since XS{XS+l)-^ e^{,J>f+i) and (A5+1)-' Therefore, since {XS + ly^S^i e and 

{XS+ 1)^'5'<I> € J^+i, the following computation is justified 

((A5+ 1)"'5^,A(I>) - {A^>,{XS+ly^S^) 

= ((A5+ 1)"'W,A(A5+ 1)(A5+ 1)"'4>) - (A(A5+ 1)(A5+ 1)"^^, (A5+ 1)"'5«1>) 
= ((A5+ 1)"'5^,A(A5+ I)"'*) - (A(A5+ 1)"'^, (A5+ 1)"'54>) . 

So, this shows the equivalence of the statements (2) and (3). ■ 



C Non-autonomous Schrodinger equation 

Consider the Hilbert rigging 

This means that is a Hilbert space with an inner product (., .),^ and is a dense subspace of Jff 
which is itself a Hilbert space with respect to another inner product (., such that 

ll«ll^ := \/(u,u).^ < \\u\\^_^ := ^ {u,u).^_^ yueJ^+. 
The Hilbert space Jif- is defined as the completion of jyf with respect to the norm 

sup \{f,u),^\. (51) 

fejn,\\f\l^+=l 

This extends by continuity the inner product (. , .) to a sesquilinear form on J& x satisfying 

I (m, ^ )M < I \u\ \fueJif'+y^&J^-. 

Furthermore, we have 

ll"ll^+= sup \{u,^)jf\. (52) 

Let / be a closed interval of M and let (A (f )) ,g/ denote a family of self-adjoint operators on J/f such that 
^(A(f))nJ^ is dense in andA(f) are continuously extendable to bounded operators in 
We aim to solve the following abstract non-autonomous Schrodinger equation 

id,u=A{t)u, tel 

where uq E is given and f i-^ u{t) E J^f-^ is the unknown. This is a particular case of the more gen- 
eral topic of solving non-autonomous Cauchy problems where — iA(f) are infinitesimal generators of Co- 
semigroups (see fSH. llKil ). We provide here a useful result (Theorem |C.2| i which follows from the work of 
Kato IKaj. 



Definition C.l We say that the map 

Ixl3 (f,s) 1-^ t/(f,s) 

is a unitary propagator of the problem ( 1531 ) iff: 

(a) U{t,s) is unitary on .y/f, 

(b) U{t,t) = 1 and U{t,s)U{s,r) = U{t ,r) for all t ,s,r E I, 

(c) The mapt El^U{t,s) belongs to {I , ^ {J^+)) (1 {I , ^ {Jif+ , Jf-)) and satisfies 

id,U{t,s)\l/ =A{t)U{t,s)\l/, y\l/E,^+,yt,sEl. 
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Here C*(/,5B) denotes the space of ^-continuously differentiable OS-valued functions where 05 is endowed 
with the strong operator topology. 

Theorem C.2 Let I be a compact interval and let C C be a Hilbert rigging with 
family of self-adjoint operators on ^ as above satisfying: 

(i) I 3 t A{t) € J^'{J^+,J^-) is norm continuous. 

(ii) E 3 T i-^ e''!^'l(0 g ^(^) is strongly continuous. 

(Hi) There exists a family of Hilbertian norms {\\-\\t\^i on equivalent to ||.| such that: 

3c>0,Vv/e^+: ||V/||r<e'^l'-^'l||rl|. and Ik'^^^'Vllr < e^'I'Wllr • 

Then the non- autonomous Cauchy problem ( 155 H admits a unique unitary propagator U (f 
Moreover, the following estimate holds 

Vv/e^+, \\Uit,s)w\\t<e^'\'-'\\Ms. 

Proof. We follow the same strategy as in [Ka] and split the proof into three steps. We assume, for reading 
convenience, that the interval / is of the form [0,T],T > however the proof works exactly in the same way 
for any compact interval. Remark also that there is no restriction if we assume that 1 1 . | l.^js^ — 1 1 ■ | |o ■ 
Propagator approximation: 

Let (fo, • • • , f«) be a regular partition of the interval / with 



Consider the sequence of operator- valued step functions defined by 

A„(f) :=AiT)l^r}{t)+"fA{tj) ) , 

for any « e N* and t G L Assumption (i) ensures that 

Jim 1 1 A„(r) - A (f) I = , 

uniformly in f G /. We now construct an approximating unitary propagator Un{t,s) as follows: 
' -iftj<t,s< tj+i then U„ it,s)^ g-i{t-s)Aitj) 

< - if tj < s < tj+i <-<ti<t< ti+i then U„it,s) = . . . g-'tO+i-^'MC;) (54) 

. - iff,- <t<tj+i<---<ti<s< ti+i then U„it,s) = . . . ^ 

for any j — 0, - ■ ■ ,n~l and I — I, - ■ ■ ,n with j < I. 

By definition, the operators Un{t,s) are unitary on Jif for t,s e / and satisfy 

U„{t,t)^l, Un{t,s)* ^U„{s,t). (55) 

Moreover, one can first check that 

U„{t,s)U„{s,r) = U„{t,r) for r <s <t, with t,s,rel 

and then extend it for any {t,s,r) G with the help of (55i . Therefore, f/„(f,i) satisfy the properties (a)-(b) 
ofDefinition lC.il Again by ( |54l i and assumptions (i)-(ii) we have 

id,U„{t,s)\j/ = A„{t)Unit,s)\lf and - id,U„{t ,s)\j/ ^ Unit ,s)An{s)\j/, (56) 

for any y/ £ and any t,s tj, j — 0, - ■ ■ , n. 

Convergence of the approximation: 

Assumption (iii) implies that 



29 



and 

for any Sj>Q, j —\,--- ,n. Hence, using the equivalence of the norms 1 1 . | |o = 1 1 • 1 1 and 1 1 . | jj- one shows 
the existence of M > (M = e^'^) such that 

\\Un{t,s)\\j^(.^-,)<Me'\'-'\ andby duality ||f/„(f,i)||^(^_) < Me^'I'-l (57) 

Furthermore, the same argument above yields 

||t/„(f,i)V/||,<^'2<IM+r/«)||V/||,. (58) 

Using ( |56] | we obtain for any e 

dr[U„{t,r)U,„{r,s)\lf] = iU„{t,r)[A„{r) - A„,{r)]U„,{r,s)\lf , (59) 
for r ^ ^ ^ with j = 1, • • • ,max(n,TO). Integrating ( |59] l we get the identity 

U,„ {t,s)\l/~'U„{t,s)\tf^iJ^ Un{t, r) [A„ (r) - A„, (r)] U„^{r,s)Ydr. 

Now (l57]i yields 

||f/,„(f,5)-f/„(f,^)||^(^^,^_) <M2|r-.|e2'^"-^l sup||A„,(r)-A„(r)||^(^^.,^_). (60) 

rel 

Therefore, for any t,s G I, the sequence Un{t,s) converges in norm to a bounded linear operator U{t,s) E 
^{J^+,J(f-). Since U„{t,s) are norm bounded operators on uniformly in n, it follows by ( |57] i that 
they converge strongly to an operator in ^(J^) continuously extending U{t,s). Moreover, this strong 
convergence yields 

lim((^),t/„(f,^)vA).^ = {(^,U{t,s)\if)_^ Vv/e ^+,V(/) e .^4 . 

where (. , .)^ is the continuous extension of the inner product of ,3^ to the rigged Hilbert spaces ^± . Thus, 
using ( fSTl l. we obtain 

Hence, it is easy to see by ( |52] i that 

\\U{t,s)\\J^^^,^^)<Me'\'-'\. 

A similar argument yields 

\\u{t,s)\\^^^^)<\. (61) 

Now, since U„{t,s) satisfy part (b) of Definition ICT] we easily conclude that 

U{t,t) = l, U{t,r)U{r,s)^U{t,s), t,s,rel, (62) 

by strong convergence in ^(J^). Furthermore, combining i6l[ and ( |62] | we show the unitarity of U{t,s) 
on . Thus, we have proved that U{t,s) satisfy (a)-(b) of Definition lC.il 

For any y/ e the continuity of the map I 3 t i-^ U„{t ,s)\j/ E follows from the definition of 
Un {t,s). Now, we prove 

by applying an e /3 argument when writing 

\i^,U{t,s)\i/).^-{^,\l/),^\ < \\^~(l)^\U_\\Uit,s)\l/\U+ + \{^K,[U{t,s)-Un{t,s)]\l/)M 

+ \{il)^,[U„it,s)~lW)M + \\<l>~<l>K\\.:rJM.^^, 
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where (p^ ^ (j) in Jif^. Therefore, by the duaUty {J^+Y ~ M'-, we get the weak Hmit 

w — limU(t,s) = 1 , 

in ^{J^+). Now, observe that when f — > 5 we can show by ( fSTl i that 

limsup \\U{t,s)\i/\l^^ < ||v/||,ir+- 

So, we conclude that 

Hmsup ||f/(f,i)v/-r||^^ <Hmsup(||v/||^^_^ 

This gives the continuity of I 3 1 1-^ U {t ,s)\i/ £ Jf+ since we have in 

s-limf/(f,5) = s-limU{t,r)Uir,s) ^U{r,s) 

Now, we have for i/a g as identity in 

Jo 



f/(f,*)V/||k-2Re(v/,f/(r,^)r),#+H0 



(63) 



since this holds first for xj/ e &{A{s)) n ^ and then extends by density of ^{A{s)) n in By 
we have 



+ iA{s)\t/\l^_ < -||A(s)||^(,^^„^_) 



e-<'-M^)xif-xif\l^^dr 



and hence using assumption (ii), we show the differentiability of T i— > e '^'*(*)\^ for xf/ e J^+. By differen- 
tiating e^'('^'')'*'^''f/,„(r,5)\// with i// e and then integrating w.rt. r, we get 

U,n{t,s)xir-e-'^'-'^^^'W = i fe-'^'-'-^^^-'^[A{s)-A,„{r)]U,„ir,s)xifdr. 



Letting m ^ 00 in the latter identity and estimating as in ( |60] l, one obtains 



2^2c\t-s 



\\[Ms)-M'-)\\j^{.^:,,.^-)dr 



Using the fact that 
1 



lim - 



t^s \t-s\ 
it holds that 



\\A{s)-A{r)\y^,^^^^^_)dr^O and lim- 
t/(f,s)V/- 



v-v 



t-s 



-iA{s)^ 



lim 



t-S 



'iA{s)\lf 



Thus, we obtain with the help of 



^ , , U(t,s)U{s,r)\if -U(s,r)\i/ , ^ , , 



for any 1/ e ,3^+ and any r,s £ I. Hence we have proved the existence of a unitary propagator U{t,s) for the 
non-autonomous Cauchy problem (l53T l. 

Uniqueness: 

Suppose that V{t,s) is a unitary propagator for ( l53T l. By differentiating U„{t,r)V{r,s)yf, yf G with 
respect to r we get 

y (r , i) V/ ~ f/„ (f , i ) r = / ^' f/„ (f , r) [A„ (r) ~ A (r)]y (r, i) V/. 
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Using a similar estimate as ( |60l ) we obtain 

\\V{t,s)xi/-U„it,s)xi/\U_^ <Me'-|'-^-| sup \\V{r,s)\\j^^y^^) 

rG[s,(] 

and since the r.h.s. vanishes when n ^ °owe conclude that V{t,s) — U{t,s). 

Finally, the uniform boundedness principle, equivalence of norms 1 1.| |,, \ \-\\,^_^_ and the inequality (|58] l give 
us the claimed estimate, 

Vv/e^+, \\U{t,s)xi/\\t<limmf\\U„{t,s)xi/\\t<e^'\'-'\\M.- 



Remark C.3 It also follows that {t,s) i— > U{t,s) G ^{Jif+) is jointly strongly continuous. 



||A(r)-A„(r) 



dr 



In the following we provide a more effective formulation of the above result (Theorem |C.2| i which 
appears as a time-dependent version of the Nelson commutator theorem (see, e.g., ||Nl, MRS II and Theorem 
E2). 

We associate to each family of self-adjoint operators {S{t),^j,S} on jyf such that 5 > 1, S{t) > 1 and 
^(5(f)'/^) = ^(5'/^) for any f g /, a Hilbert rigging Jf±i defined as the completion of ^(5=*=^/^) with 
respect to the inner product 

= (5±i/V,5±'/20)^. (64) 

Corollary C.4 Let I (lM.be a closed interval and let {S{t)tei, S} be a family of self-adjoint operators on a 
Hilbert space .Jif such that: 

• S>land S{t) > 1, Vf G /, 

• ^(5(f)'/^) — ^{S^^^), Vf e /, and consider the associated Hilbert rigging .yf±i given by ^M\. 
Let {A(f)}fg/ be a family of symmetric bounded operators in ^(J^i, J^i) satisfying: 

• t Cz 1 A(f) e ^(J^i, J^i) is norm continuous. 

Assume that there exists a continuous function f : I —i- such that for any f G /, we have: 

(i) forany\if (l2!{S{tYl^), 

|a,(v/,5(r)v/)|</(f)||5(0^/Vll'; 

(ii) for any 4>,^ G S!{S{tfl^), 

|(5(f)'I',A(04>)-(A(0>P,5(04>)|</(0||5(0^/2>P||||5(f)'/2<I>||. 

Then the non-autonomous Cauchy problem ( 153 1 ) admits a unique unitary propagator U {t , s). Moreover, we 
have 

In addition, if we have ci , C2 > such that ciS < S{t) < C2S for t Cz I, then there exists c > such that 

l|f/(f,^)lk.ir^,)<^^''''^'^''''''' VfG/. (65) 

Proof. First observe that the operator A(f) satisfies the hypothesis of Nelson's commutator theorem (The- 
orem lB.2l l for any f G /. Hence, we conclude that A(f) is essentially self-adjoint on ^(5(f)^/^) which is 
dense in ,^-^1- We keep the same notation for its closure. Moreover, the unitary group e'^'^(') preserves 
J^+i and we have the estimate 
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Now, observe that f i— > e g is weakly continuous for any \j/ e This holds using a T7/3- 
argument with the help of the estimate 

- i)v/)| < llv^ll^,, + - 

where /«■ G J^f is a sequence convergent to / in i and t is near 0. Since strong and weak continuity 

of the group of bounded operators in ^(.^^i) are equivalent, we conclude that assumption (ii) of 
Theorem lC.2l holds true. 
By assumption (ii), we also have 



</(OI|5(0^/Vll' 



Hence, by Gronwall's inequahty we have 

||5(0'/VlP<el-'^'-''<"'''"l||5(i)i/VlP, Vf,,?e/. 
Now, we use Theorem |C.2| with the Hilbert rigging 

^/C^ = C ^ C = 

and the family of equivalent norms on given by 



(67) 



Indeed, assumptions (i)-(iii) of Theorem |C2] are satisfied in any compact subinterval of / with the help of 
(l67Ti-(l66]l. Therefore, we obtain existence and uniqueness of a unitary propagator U{t,s) of the Cauchy 
problem ( l53T l in the whole interval / with the following estimate 

for any t,s £ I and where A(f,s) stands for the interval of extremities f, s. 

Using the multiplication law of the propagator, we obtain for any partition (fo, • • • of the interval 
A(f ,s) the inequality 

where are the subintervals [tj,tj^i]. Since / is continuous, by letting « ^ oo, we get 

||f/(f,.)V/||,<e2|///W^'-l iiv/ii... 
Finally, the assumption ciS < S{t) < C2S for f G /, allows to involve the norm 1 1.| . Thus we have 



< /£ae2|/;/(TyT| 

V ci 
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